A central topic in representation theory is to understand the irreducible modules. In this paper we are concerned with nite dimensional irreducible modules of quantized hyperalgebras and of hyperalgebras. Recently, big progress has been made on the characters of the irreducible modules, namely the Lusztig's conjectural formula for the characters is true for quantized hyperalgebras and is true for hyperalgebras when the characteristic of the groud eld is su ciently large, see AJS, KL2, KT, L6].
1. Preliminaries 1.1. Let U be the quantized enveloping algebra over Q(v) (v an inderterminate) corresponding to a Cartan matrix (a ij ) of rank n. Then U is an associative Q(v)-algebra with 2 generators E i ; F i ; K i ; K ?1 i (i = 1; 2; :::; n) which satisfy the quantized Serre relations.
The algebra U has a Hopf algebra structure. Let U A be the A = Q v; v ?1 ]-subalgebra of U generated by all divided powers E (a) i ; F (a) i and K i ; K ?1 i : We refer to L4] for the de nitions, noting that for de ning the divided powers we need to choose integers d i 2 f1; 2; 3g such that (d i a ij ) is symmetric.
Let 2 C . Regard Q( ) as an A-algebra by specializing v to . Consider the quantized hyperalgebra U = U A A Q( ). For simplicity, the images in U of E (a) i ; F (a) i ; K i ; K ?1 i ; K i ; c a (see L4] for the de nition), etc. will be denoted by the same notations respectively. The algebra U inherits a Hopf algebra structure from that of U A . The tensor product of two U -modules then has a natural U -module structure by means of the coproduct. We denote by U + ; U 0 ; U ? the positive part, zero part, negative part, respectively. The algebra U is noetherian. One may see this by a standard argument (similar to that for the universal enveloping algebra of a semisimple Lie algebra).
When 2 = 1, U is generated by all E i ; F i ; K i . In this case, U is not far from the universal enveloping algebra U (over Q) corresponding to the Cartan matrix. More precisely, U contains a big subalgebra isomorphic to U, see X3, ch. 11] 1.2. Let R Z n be the root system with simple roots i = (a 1i ; a 2i ; :::; a ni ). For = ( 1 ; 2 ; :::; n ) 2 Z n , we also write h ; _ i i for i . De ne s i : Z n ! Z n by s i = ? h ; _ i i i : The re ections s 1 ; s 2 ; :::; s n generate the Weyl group W of the root system R.
For 2 R + (the set of positive roots in R), let E 2 U + and F 2 U ? be the corresponding root vectors de ned by a xed reduced expression of the longest element of W and the automorphisms T 0 i;?1 of U in L5, 37.1.3] . We de ne the divided powers E (a) ; F (a) as usual.
Let l i be the order of 2d i and let l = l i if = w( i ) for some w 2 W. Let u be the subalgebra of U generated by E ; F ; K i ; K ?1 i for all in R + l = f 2 R + j l 2g and i = 1; 2; :::; n. We call u the Frobenius kernel of U . The Frobenius kernel u is a Hopf subalgebra of U . The tensor product of two u-modules then has a natural u-module structure and for a u-module M we may de ne its dual modules M and M ? by means of 3 the antipode and its inverse respectively. We say that an element = ( 1 ; 2 ; :::; n ) 2 Z n + is l-restricted if 1 l 1 ? 1; :::; n l n ? 1. We shall denote by Z n +;l the set of all l-restricted elements in Z n + : For each = ( 1 ; 2 ; :::; n ) 2 Z n we set l := (l 1 1 ; l 2 2 ; :::; l n n ). If is l-restricted, then the restriction to u of L( ) is an irreducible u-module L3, Prop. 5 (ii) Let M 2 O; 2 Z n . Then dimM < 1. Let P(M) = f 2 Z n j M 6 = 0g. Then there exists a nite number of weights 1 ; 2 ; :::; k such that P(M) ( i + NR ? ), for example, P(M( )) = + NR ? : In particular, if M 6 = 0, then P(M) contains at least one maximal weight , i.e., such that P(M) \ f + NR + g = : ( iii) The modules L( ) ( 2 Z n ) are pairwise nonisomorphic and are exhausted by all the simple objects in O. L( ) is nite-dimensional if and only if 2 Z n + :
(iv) Let M; N be objects of O. If M is nite dimensional, then both M N and N M are objects of O.
2.2. It is convenient to introduce the formal characters of U -modules for studying the the category O.
Let X be the set of maps f : Z n ! Z such that the support f 2 Z n j f( ) 6 = 0g of f is contained in a nite union of the sets f ? NR + g ( 2 Z n g. We de ne (f + g)( ) = f( ) + g( ) and (fg)( ) = P + = f( )g( ). Then X is a commutative ring. Denote by e the characteristic function e ( ) = 1; e ( ) = 0 if 6 = . Then e e = e + . We often write the elements in X as Z-linear combinations of e ( 2 Z n ). We also write 1 for e 0 . Proof. Let g be the simple Lie algebra (over Q) corresponding to the root system R =W f 1 ; :::; n g and let U(g ) ? be the negative part of the universal enveloping algebra U(g ) of g . Let R + be the set of positive roots of R . De ne chU(g ) ? = P 2NR + e ? 2 X. For any P a e 2 X we de ne l P a e = P a e l . Then we have (see L4, L5] e l y chU ? ;l = l (e y chU(g ) ? ): Note that chL(l + ) = chL(l )chL( ) for all 2 Z n ; 2 Z n +;l : Using Lemma 2.6 we see chM(l + ) = Given a nite dimensional U -module E in O, we de ne the dual modules E , E ? as in APW, 1.18] by means of the antipode of U and its inverse respectively. Then (loc.cit)
(ii) For any U -modules M; N, one has
Lemma 2.9. Let M be an object of O. 
The Socle of u and a Realization of Two Irreducible u-Modules
Through left multiplication we regard U (resp. u) as a u-module. The u-module will be denoted by U L (resp. u L ). By means of Theorem 2.15 we can describe the socles of U L and u L and realize the tensor product of two irreducible u-modules as a submodule of u L . For more applications of Theorem 2.15 see next section and X4-5] . In K, 6.5], through certain elements R( ) in u 1 (the rst classical Frobenius kernel) Koppinen realizes the tensor product of two irreducible u 1 -modules as a submodule of the regular u 1 -module. The purpose and arguments of 8, 6.5] are di erent from here and the elements R( ) are interesting but look not easy to compute.
3.1. Some u modules Given 2 Z n ; 2 f 1g n , we denote by Z( ; ) the corresponding Verma module of u (see L3, X1] (ii) Using (i), 3.1 (b) and 3.1 (a).
(iii) It is no harm to assume that L u L since U L is canonically isomorphic to a direct sum of copies of u L . Since u is symmetric, L appears in the Jordan-H older series of the socle of u L with multiplicities dimL. By (ii), the submodule of u L generated by ! ; E x ? u ? is completely reducible and is isomorphic to the direct sum of dimx ? u ? copies of L u ( ; ). Thus we only need to prove that dimx ? u ? =dimL u ( ; ). Let be the anti-automorphism of U de ned by E (a) i ! E Proposition 3.4. Let 2 Z n +;l ; 2 f 1g n and y 2 u ? U ;l ? f0g. The submodule M of U L generated by ! 2 +w 0 ; E y is isomorphic to Z(2 + w 0 ; ) if and only if x ? y 6 = 0.
Proof. There is a unique surjective u-homomorphism from Z(2 + w 0 ; ) to M such that 1 2 +w 0 ; maps to ! 2 +w 0 ; E y. According to 3.1 (b), x ? 1 2 +w 0 ; generates the unique irreducible submodule of Z(2 + w 0 ; ). Therefore M is isomorphic to Z(2 + w 0 ; ) if and only if x ? ! 2 +w 0 ; E y 6 = 0: But x ? ! 2 +w 0 ; = ! ; x ? , by using Theorem 3.3 (i) and the Q( )-linear isomorphism u U ;l ' U (x y ! xy) we see the proposition is true.
The following theorem realizes the tensor product of two irreducible u-modules as a submodule of u L .
Theorem 3.5. Let ( ; ) and ( ; ) be elements in Z n +;l f 1g n .
(i) The submodule of u L generated by ! w 0 + ; _ x +w 0 x ? is isomorphic to L u ( ; ) L u ( ; ), where = ( 1 1 ; :::; n n ) if = ( 1 ; :::; n ) and = ( 1 ; :::; n ).
(ii) The submodule M of u L generated by ! +w 0 ; x ? _ x +w 0 is isomorphic to L u ( ; ) L u ( ; ).
(iii) ! w 0 + ; _ x +w 0 x ? = ! w 0 + ; x ? _ x +w 0 .
We need some preparations to prove the theorem.
3.6. For = ( 1 ; 2 ; :::; n ) 2 Z n ; = ( 1 ; 2 ; :::; n ) 2 f 1g n , let I ? ; be the left ideal of u generated by the elements F ; K i ? i (c) For 2 Z n ; 2 f 1g n , we have Z( ; ) 0 ' Z(? ; ) .
The assertion (a) is obvious. The proof of (b) is similar to that of 2.2 (a). The assertion (c) follows from the de nitions of Z( ; ) 0 and of Verma module and the de nition of dual module.
Lemma 3.7. Let ( ; ) 2 Z n +;l f 1g n and ( ; ) 2 Z n ?;l f 1g n .
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(i) The element 1 ; 1 0 ; generates Z( ; ) Z( ; ) 0 as a u-module.
(ii) Let M be the submodule of u L generated by ! + ; . Then the map u! + ; ! u(1 ; 1 0 ; ) de nes a u-isomorphism between M and Z( ; ) Z( ; ) 0 , where u 2 u. Using Lemma 3.7, ( ) and (?), we see (i) is true. L5, Coro. 32.1.6] . Hence (ii) is true. We also can prove (ii) directly by considering the embedding L u ( ; ) L u ( ; ) , ! Z(2 +w 0 ; ) Z(?2 + ; ) 0 .
(iii) It follows from Lemma 3.7(ii), (?) in the proof of (i) and the following identity x ? _ x +w 0 (1 0 ?2 + ; 1 2 +w 0 ; ) = _ x +w 0 1 0 ?2 + ; x ? 1 2 +w 0 ; : 3.9. A possible application of Theorem 3.5 is based on the following consideration. The u-module Z( ; ) is actually a projective and injective u-module. So for any ( ; ) 2 Z n +;l f 1g n , the tensor product Z( ; 1) L u ( ; ) is a projective u-module and an injective u-module as well, here and later we use 1 for (1; :::; 1) 2 f 1g n . We have seen that the tensor product is isomorphic to the submodule of u L generated by ! +w 0 ; _ x +w 0 .
Once we know the socle of u! +w 0 ; _ x +w 0 , we know how to decompose it into the direct sum of its indecomposable components. By Theorem 3.3, this is equivalent to compute the dimension of the space u! +w 0 ; _ x +w 0 \ ! ; E x ? u ?
for all ( ; ) 2 Z n +;l f 1g n .
Since u is symmetric X2], the injective hull of L u ( ; ) is also the projective cover P ( The author has no idea how to computer the dimesion of the space.
Some Submodules and Quotient modules of the Verma Modules of u
The main results in x2 lead to the consideration of some submodules and quotients modules of the u-module Z( ; ), which seem interesting. Namely for each w 2 W we will construct a submodule and a quotient module for Z( ; ). Based on the construction we compute certain irreducible characters for type A. The construction also can be used to nd out some (quasi) primitive elements in Z( ; ) (see X4-5] ). For simplicity, we shall assume that = (1; 1; :::; 1) and will write Z( ), ! , etc. for Z( ; ); ! ; , etc.. 4.1. Quotient modules constructed from the elements x 0 ;w Let 2 Z n +;l and w 2 W. In general, x 0 ;w is not in u ? , therefore x 0 ;w 1 + is not well de ned in general.
Note that the submodule of U L generated by ! + E is isomorphic to Z( + ). Now the element x ;w ! + E 2 U L is well de ned. Moreover, by X2, 4.4 (iii) ], x ;w ! + E 2 U L is primitive. Using 3..1 (c) and 3.2 we see x ;w ! + E = ! +w E x ;w 2 U L . Therefore the submodule M of U L generated by x ;w ! + E = ! +w E x ;w is a quotient module of Z( + w ). If x ;w 2 u ? , then M is isomorphic to a submodule of Z( + ), so its socle is isomorphic to L( + w 0 ). If x ;w is not contained in u ? , then M may have a big socle.
We give three examples.
For simplicity we assume that l > 3 is prime, then l i = l for all i. 4.2. Now we are going to construct some submodules of Z( ) by means of x ;w . First we recall the de nition of x ;w . Let s i 1 s i 2 s i k be a reduced expression of w. Using induction on i we get easily the following assertion. 4.7. Unfortunately the author has not found a simple formula for the dimension in 4.6.
The following result maybe is useful for obtaining a formula for the dimension. Let 2 Z n +;l . Assume that and are in the same alcove. Using the translation principal we see the module sructure ux + ;u 1 is the same as that of M. In particular, ux + ;u 1 has n + 1 composition factors.
